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Introduction Model Quantitative Conclusion

Overview

• firm dynamic: size effects
• size-growth relation: size ↑ ⇒ growth ↓
• size-leverage relation: size ↑ ⇒ leverage ↓
• frictionless economy: no size effects
• theory: financial friction 1; adjustment cost; trade etc.

• effects conditional on
• firm characteristics: age, sector etc.
• U.S. economy: industry structure, financial development etc

• this paper: condition of financial development ⇒ size effects
• cross-country variation
• financial development ↔ size-growth, size-leverage
• quantitative model

1Cooley and Quadrini (2001), Albuquerque and Hopenhayn (2004), Clementi and
Hopenhayn (2006), and DeMarzo and Fishman (2007) etc.
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Empirical 1

• size-growth relation (panel a)
• small firms grow faster than large firms
• difference is larger in Bulgaria

• size-leverage relation (panel b)
• Bulgaria: small firms use less debt financing
• UK: small firms use more debt financing
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Empirical 2

• database: Amadeus
• 27 European countries
• 2.6 million firms in non-financial, non-public sectors

• regression:

yk,c = β0 + β1sizek,c + β2sizek,c ∗ FDc + Dummy + vk,c (1)

• dependent variables (yk,c): growth, leverage
• growth = growth rates of sales
• leverage = total debt / total asset

• independent variables: size,FD, dummy
• size: book value of the firm’s total asset
• FD: development of financial markets

• average private credit to GDP ratio (+)
• share of banks’ overhead costs in total bank assets (-)
• coverage of credit bureaus (+)

• dummy: fixed effects of country, industry and age
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Empirical 2

implied y-size coefficient = β1 + β2 ∗ FDc

Country FD(1) size-leverage size-growth

UK 1.42 0.012 0.004
Germany 1.16 0.014 -0.021
Sweden 0.89 0.016 -0.048
Median 0.47 0.018 -0.088
Bulgaria 0.22 0.020 -0.113
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Empirical 2

• size–leverage relation
• median financial market: size ↑ → leverage ↑
• financial development ↑ ⇒ size-leverage slope ↓

• size–growth relation
• median financial market: size ↑ ⇒ growth ↓
• financial development ↑ ⇒ size-growth slope ↑

• financial development and size effects
• FD ↑ ⇒ size effects ↓: small firm ∼ large firm
• FD ↑ ⇒ ’distortion’ ↓ for small firms
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Model

• full model
• idiosyncratic prod shock (permanent and transitory)
• capital adjustment cost and partial depreciation
• equity financing: proportional cost
• debt financing: default risk with partial recovery
• debt creditor: fixed cost (proxy for FD)

• analytical solution w. assumptions

• quantitative solution of full model
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Full Model: Technology

Decreasing return to scale technology:

y = zKα, 0 < α < 1 (2)

• z: idiosyncratic prod
• z : Markov process, f (z ′, z)
• log(z) = log(µ) + log(ε)
• permanent component (productivity): {µi

z , i = 1 : 5}
• stochastic component (luck): {εl , εh}
• θ: prob of exogenous death

• K: capital stock
• depreciation: δ
• net investment: K ′ − (1− δ)K
• adjustment cost: φ(K ′ − K)2/K
• degree of friction: φ
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Full Model: Debt Contract

• debt contract:
(B ′,B ′R) ∈ Ω(K ′, z) (3)

B ′: new loan. B ′R : face value.

• recovery value if firms default:

R(K ′) = max{(1− ψ)(1− δ)K ′ − φK ′, 0} (4)

• break-even condition

B ′ + ξ =
BR(1−

∫
d̃ f (z ′, z)dz ′) + R(K ′)

∫
d̃ f (z ′, z)dz ′

1 + r
(5)

• parameters

• recovery rate: 1− ψ
• financial intermediation cost: ξ (proxy for financial development)
• binary default decision: d̃ = d(K ,BR , z)
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Full Model: Equity

• dividend:

D = zKα − BR + B‘− K ′ + (1− δ)K − φ(K ′ − K )2/K (6)

• value function:

V (K ,BR , z) = max
d̃∈{0,1}

(1− d̃)V c(K ,BR , z) (7)

• value function conditional on repayment:

V c(K ,BR , z) = max
D,K ′,(B′,B′

R )∈Ω
(1+γ1D<0)D+βEzV (K ′,B ′R , z

′) (8)
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Analytical Solution

• assumptions
• idiosyncratic prod shock (permanent and transitory)
• capital adjustment cost and partial full depreciation
• equity financing: proportional cost
• debt financing: default risk with partial no recovery
• debt creditor: fixed cost (proxy for FD)

• value function conditional on repayment:

V c(K ,BR , z) = max
K ′,B′

zKα − BR + B ′ − K ′ + βV (K ′,B ′R , z) (9)

• assumption: β(1 + r) < 1 and ξ sufficiently small:

K ′ = Kfb(z) : zαKα−1
fb = 1 + r (10)
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Analytical Solution

• debt limit and repayment denoted as B̄(z) and B̄R(z)

B̄(z) + ξ =
B̄R(z)

1 + r
(11)

• value function conditional on repayment:

V c(Kfb, B̄R , z) = zKα
fb − B̄R + B̄ − Kfb + βV (Kfb, B̄R , z) (12)

• no default at debt limit: V (Kfb, B̄R , z) = V c(Kfb, B̄R , z)

V c(Kfb,BR , z) = [zKα
fb − Kfb − r B̄(z)− (1 + r)ξ]/(1− β) (13)

• debt limit derived from:

V c(Kfb,BR , z) = 0 (14)
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Analytical Solution

• debt limit:

B̄(z) =
(1 + r − α)

rα
Kfb(z)− 1 + r

r
ξ (15)

• leverage ratio:

B̄(z)

Kfb(z)
=

(1 + r − α)

rα
− 1 + r

r

ξ

Kfb(z)
(16)

• size-leverage relation
• larger firm ↔ higher leverage
• fixed credit cost ξ affects small firm disproportionately

• fixed credit cost → size-leverage relation
• ξ = 0: no size effect on leverage
• ξ ↑: size effect on leverage ↑
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Full Model: Entrants

• entrant:

V e(K0, 0, z) = max
D,K ′,(B′,B′

R )
(1 + γe1D<0)D + βE [V (K ′,B ′R , z

′)] (17)

subject to
D = B ′ − K ′ − φ(K ′ − K0)2/K0 (18)

and z ′ ∼ g(z ′)

• mass of project = 1
• project: exit firms → potential entrants
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Full Model: Distribution

• distribution: s ≡ (K ,BR , z)

Γ(s ′) =

∫
[1− d(s)]Q(s, s ′)f (z ′, z)Γ(s)d(K × BR × z)

+

∫
d(s)Qe(s ′)g(z ′)Γ(s)d(K × BR × z)

(19)

where transition functions are:

Q(s ′, s) =

{
1, if K ′(K ,BR ,Z ) = K ′,B ′R(K ,BR ,Z ) = B ′R
0, otherwise

(20)
and for entrants

Qe(s ′) =

{
1, if K ′(K0, 0) = K ′,B ′R(K0, 0) = B ′R
0, otherwise

(21)
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Calibration
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Quantitative Analysis

• permanent productivity shock: analytical solution

• stochastic productivity process: quantitative exploration
• median permanent shock (µ = µ3

z)
• low stochastic shock (ε = εl)
• average capital stock K = Kmean with median productivity

• debt contract: (B ′,B ′R) ∈ Ω(K ′, z)

• effective interest rate (spread) =
B′
R

B′ − 1
• spread in U-shape
• high for small loans: fixed credit cost ξ
• high for large loans: default risk
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Quantitative: Debt Contract

[Figure 2: Sensitivity of Debt Schedule]

• sensitivity to K ′: collateral effect (panel a)

• sensitivity to µ (panel b)

• sensitivity to ξ (panel c)
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Quantitative: Policy Rules

2

• smallest firm [0%-20%]

• medium firm [20%-75%]

• largest firm [75%- ]

2Note: All statistics are normalized by Kmean
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Quantitative: Model Moments

• leverage: unproductive vs unlucky
• unproductive: low permanent shock → high spread → lower leverage
• unlucky: sequence of low transitory shock → higher leverage

• growth
• hit by good transitory shock → higher growth → efficient level

• counterfactual: credit cost (ξ)
• inefficiency: unfavorable debt schedule for small firms
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Quantitative: Robustness

• Regression 1:

Growthk = β0 + β1sizek + ek

• β1 < 0: size-growth relation

• Regression 2:

Leveragek = β0 + β1sizek + ek

• β1 > 0: size-leverage relation

• Regression 3:

yk,c = β0 + β1sizek,c + β2sizek,c ∗ (Credit/GDP)c + ek,c

• y: zero-leverage dummy = 1 if leverage is zero.
• β1 > 0: size-leverage relation
• β2 < 0: financial development → size-leverage relation
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Conclusion

• benchmark size effects
• small firms grow faster than large firms
• small firm use less debt financing than large firms

• as financial development improves
• growth rate of small firms relative to large firm decreases
• leverage ratio of small firms relative to large firm increases

• micro-data into macro quantitative model
• growth and financing patterns
• across firms and across country
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